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A B S T R A C T

Image fusion can integrate the complementary information of multiple images. However, when the images to
be fused are damaged, the existing fusion methods cannot recover the lost information. Matrix completion,
on the other hand, can be used to recover the missing information of the image. Therefore, the step-by-
step operation of image fusion and completion can fuse the damaged images, but it will cause artifact
propagation. In view of this, we develop a unified framework for image fusion and completion. Within this
framework, we first assume that the image is superimposed by low-rank and sparse components. To obtain
the separation of different components to fuse and restore them separately, we propose a low-rank and sparse
dictionary learning model. Specifically, we impose low-rank and sparse constraints on low-rank dictionary
and sparse component respectively to improve the discrimination of learned dictionaries and introduce the
condition constraints of low-rank and sparse components to promote the separation of different components.
Furthermore, we integrate the low-rank characteristic of the image into the decomposition model. Based on
this design, the lost information can be recovered with the decomposition of the image without using any
additional algorithm. Finally, the maximum 𝑙1-norm fusion scheme is adopted to merge the coding coefficients
of different components. The proposed method can achieve image fusion and completion simultaneously in the
unified framework. Experimental results show that this method can well preserve the brightness and details
of images, and is superior to the compared methods according to the performance evaluation.
. Introduction

Image fusion, by synthesizing the complementary information of
ultiple images of the same scene through a specific algorithm, can

enerate a new image that describes the scene information more ac-
urately. In order to improve the fusion quality, a large number of
mage fusion methods have been proposed, which can be generally
ivided into two categories, namely spatial domain methods and trans-
orm domain methods. The spatial domain-based methods measure the
efinition of image blocks or regions directly in the pixel space and
ompare their clarity to fuse the images [1–4]. However, the block-
ased methods have a block effect. For the region-based methods,
he quality of fused images can be severely affected by the accuracy
f image segmentation, which itself is a challenging task [1]. In re-
ent years, the transform domain-based methods have attracted more
ttention, which consist of three steps: image transform, transform co-
fficient fusion, and inverse transform. The common transform domain-
ased fusion methods include Discrete Wavelet Transform (DWT)-based
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methods [5,6], Curvelet Transform (CVT)-based methods [7], Non-
Subsampled Contourlet Transform (NSCT)-based methods [8–10] and
Sparse Representation (SR)-based methods [11–19], etc.

The existing image fusion methods mainly focus on the fusion of
lossless images, while the research on damaged image fusion is scarce.
However, in the process of image acquisition or transmission, the ac-
quired image will lose information if the imaging device or transmission
channel fails. Due to the missing pixels in the images to be fused, the
fusion effects of the existing fusion methods are very poor, thus limiting
the further application of fusion results. Therefore, it is practical to
conduct research on damaged image fusion. The restoration of damaged
images can be regarded as the problem of matrix completion, where
all elements including the missing ones of the matrix can be recovered
according to its low-rank characteristic. A feasible solution for realizing
damaged image fusion are to perform image fusion and completion
separately. Namely, the damaged images to be fused are recovered
first and then fused, or are fused first, and then the fusion result is
recovered. However, this kind of step-by-step operation will inevitably
ttps://doi.org/10.1016/j.image.2021.116400
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propagate artifacts generated in the first step to the next step, thereby
reducing the visual perception quality of the final results. Consequently,
it is necessary to perform image fusion and completion simultaneously.

It is found that the image content has a strong correlation, so it
shows low-rank morphological characteristics. Inspired by this phe-
nomenon and the idea of cartoon texture decomposition [20], we
build a unified framework of image fusion and completion based on
the low-rank and sparse representation theory. It can perform image
fusion and completion simultaneously. The schematic diagram of the
proposed framework is illustrated in Fig. 1. We can see that the method
proposed in this paper mainly includes three parts, namely, discrimina-
tive dictionary learning (DDL), image decomposition and completion
(IDC), and fusion of the coding coefficients of different components.
In DDL, we propose a low-rank and sparse dictionary joint learning
model based on the theory of cartoon texture decomposition. In IDC, we
develop an image decomposition model to separate the low-rank and
sparse components. In this processing, the missing pixels are completed
with the separation of low-rank and sparse components. The low-rank
and sparse coefficients are fused respectively based on the maximum
𝑙1-norm fusion rule.

The main contributions are summarized as follows:

1. To achieve the fusion of damaged images, we establish a unified
image fusion and completion framework, which can perform im-
age fusion and completion simultaneously. The proposed method
can also avoid artifact propagation which will be caused by the
step-by-step operation of image fusion and completion.

2. We formulate a novel low-rank and sparse dictionary learning
model for image decomposition. To improve the discrimination
ability of learned dictionaries, the low-rank constraint ‖𝑫𝑙‖∗ and
sparse constraint ‖𝑫𝑠𝒁𝑠‖1 are imposed on low-rank dictionary
and sparse component, respectively. Moreover, in order to re-
duce the information loss caused by image decomposition, we
propose to make the sum of the low-rank component 𝒀 𝑙 and
sparse component 𝒀 𝑠 as equal as possible to the original image
𝒀 .

3. We develop an image decomposition and completion model,
in which the damaged images can be decomposed into low-
rank and sparse components, and the lost information can be
effectively recovered during the separation of different compo-
nents. Extensive experimental results show the proposed method
can better preserve the brightness and details of the original
images and outperforms the alternative methods in terms of
visual quality and performance evaluation.

The remainder of this paper is organized as follows. Section 2 briefly
introduces related work of image fusion based on matrix completion
and multi-component analysis. Section 3 presents the models of low-
rank sparse dictionary learning, image decomposition and completion.
The optimization algorithms of the proposed models are described in
Section 4. Then, the image fusion scheme is introduced in Section 5.
Section 6 reports the experimental results with discussions.

2. Related work

2.1. Matrix completion

In the process of image acquisition and transmission, some pixels
will be lost due to the faults of the imaging equipment or transmission
channel. Matrix completion aims to recover a complete matrix from
a matrix with missing elements. Therefore, the restoration of missing
pixels can be considered as the matrix completion problem. Assuming
that 𝑿 ∈ R𝑚×𝑛 is the underlying complete matrix of the incomplete data
matrix 𝑴 ∈ R𝑚×𝑛, the matrix completion problem can be formulated
as:

min ‖𝑿‖ 𝑠.𝑡. 𝑷 (𝑿) = 𝑷 (𝑴)

𝑿 ∗ 𝛺 𝛺 (1) c

2

where ‖ ⋅ ‖∗ is the nuclear norm, 𝑷𝛺 is the orthogonal projection
operator that keeps the entries in 𝛺 unchanged and sets those on the
outside to zero [21], and 𝛺 is the set of indices of the known samples
in 𝑴 . If (𝑖, 𝑗) ∈ 𝛺, 𝑷𝛺(𝑴) = 𝑴 𝑖𝑗 , else, 𝑷𝛺(𝑴) = 0.

Matrix completion problem can be solved by nuclear norm mini-
mization, which often involves singular value thresholding. Cai et al.
[22] proposed the Singular Value Thresholding (SVT) algorithm to
solve the matrix completion problem. This algorithm could obtain the
optimal solution with a low-rank structure, but its convergence speed
was slow. In the work of Toh et al. [23], the Accelerated Proximal
Gradient (APG) algorithm was proposed, which incorporated a linear
search acceleration algorithm in the iterative process. Compared with
the above two methods, the Inexact Augmented Lagrange Multipliers
(IALM) algorithm constructed by Lin et al. [24] showed faster con-
vergence speed and higher accuracy. Zhang et al. [25] proposed the
truncated nuclear norm regularization model, which only retained the
larger singular value whereas the smaller singular value was discarded.
With these practical and efficient algorithms, matrix completion has
been successfully applied to different fields, such as image inpainting
and recommendation system.

2.2. Multi-component analysis based image fusion

The multi-component analysis based image fusion methods are to
decompose the image into uncorrelated components, and then fuse
each component separately. In 2014, Jiang et al. [26] first proposed
the morphological component analysis based fusion method, which
decomposed the image into cartoon and texture components. The image
decomposition model was expressed as:
{

𝜶𝐶 ,𝜶𝑇
}

= arg min
𝜶𝐶 ,𝜶𝑇

{

‖𝜶𝐶‖1 + ‖𝜶𝑇 ‖1
}

𝑠.𝑡. 𝑿 = 𝝓𝐶𝜶𝐶 + 𝝓𝑇𝜶𝑇 (2)

where 𝑿 ∈ R𝑚×𝑛 was the source image, 𝝓𝐶 and 𝝓𝑇 represented
cartoon dictionary and texture dictionary respectively, 𝜶𝐶 and 𝜶𝑇
were the sparse coding coefficients of cartoon and texture components
respectively.

After obtaining 𝜶𝐶 and 𝜶𝑇 , the sparse coding coefficients of car-
oon and texture components were fused respectively. Then the fused
oefficients of each component were multiplied by the corresponding
ictionary to get the fused cartoon and texture components. Finally,
he final fusion result was obtained by superposition of these two
omponents. As mentioned above, how to build a dictionary model
o obtain a corresponding dictionary of different components and how
o build an image decomposition model to decompose the image into
ifferent components are two key issues in multi-component analysis-
ased image fusion. Based on these two problems, a large number
f image fusion algorithms based on multi-component analysis have
merged.

For instance, Liu et al. [27] proposed a multi-focus image fusion
ethod based on image decomposition. In this method, an improved

terative weighted decomposition algorithm was used to decompose
he multi-focus source image into cartoon component and texture com-
onent. The analytical dictionaries of the curvelet and local Discrete
osine Transform (DCT) were adopted. The Vese–Osher (VO) model
as implemented for image decomposition, and sub-dictionaries were

rained to enhance the sparse representation ability by Zhu et al. [15].
hang et al. [28] proposed an image fusion method based on the
nalysis–synthesis dictionary, in which the complementary representa-
ion mechanism of analysis and synthesis sparse representation was in-
egrated into the dictionary learning and image decomposition model.
he above fusion algorithms based on multi-component analysis can
chieve good fusion results for clear images. On the other hand, for
he fusion of images with noise, Li et al. proposed two different meth-
ds [12,29]. A medical image fusion, denoising, and enhancement
ethod based on low-rank sparse decomposition was proposed in the
ork of Li et al. [12]. In the image decomposition model, weighted nu-
lear norm and sparse constraint were applied to sparse components to
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Fig. 1. The schematic diagram of the proposed algorithm.
remove noise and retain texture details. The low-rank sparse regulariza-
tion was added to improve the discrimination ability of the dictionary
in the dictionary learning model. Li et al. [29] decomposed the image
into coarse-scale and fine-scale components and then designed the
corresponding dictionary learning model.

Nonetheless, the relevant research is scarce for the fusion of dam-
aged images. One feasible solution is the step-by-step operation of
image fusion and completion, which will propagate the artifacts be-
tween two steps. Therefore, based on image multi-component analysis
and matrix completion, we develop a unified framework of image
fusion and completion for damaged image fusion and establish the
corresponding dictionary learning and image decomposition models.

3. Proposed method

3.1. Low-rank and sparse dictionary learning

In this section, we develop a novel low-rank and sparse dictionary
learning model for image decomposition. Let 𝒀 denote the entire train-
ing set that consists of 𝑁 image patches, that is, 𝑌 = [𝒚1, 𝒚2,… , 𝒚𝑁 ].
𝒚𝑖 ∈ R𝑊 is a column vector version of an image patch of size

√

𝑊 ×
√

𝑊 . The low-rank and sparse dictionaries can be learned by solving:
{

𝑫𝑙 ,𝑫𝑠
𝒁 𝑙 ,𝒁𝑠

}

= arg min
𝑫𝑙 ,𝑫𝑠 ,𝒁𝑙 ,𝒁𝑠

{

‖𝒀 −𝑫𝑙𝒁 𝑙−𝑫𝑠𝒁𝑠‖
2
𝐹+𝜆1‖𝒁 𝑙‖2,1+𝜆2‖𝒁𝑠‖1

}

(3)
3

where 𝑫𝑙 ∈ R𝑊 ×𝐾 and 𝑫𝑠 ∈ R𝑊 ×𝐾 denote the low-rank and sparse
dictionaries respectively; 𝒁 𝑙 ∈ R𝐾×𝑁 and 𝒁𝑠 ∈ R𝐾×𝑁 denote the cod-
ing coefficients of low-rank and sparse components over dictionaries
𝑫𝑙 and 𝑫𝑠; 𝜆1 and 𝜆2 are the balance parameters.

In Eq. (3), the regularization terms ‖𝒁 𝑙‖2,1 and ‖𝒁𝑠‖1 are used
to force information with similar or identical characteristics to be
represented by the same atom in the dictionary, that is, to make the
coding coefficients of low-rank and sparse components sparse. In low-
rank and sparse decomposition, the performance of the dictionary is
very important. In order to improve the discrimination of dictionaries
𝑫𝑙 and 𝑫𝑠, the model described by Eq. (3) can be modified as:
{

𝑫𝑙 ,𝑫𝑠
𝒁 𝑙 ,𝒁𝑠

}

=arg min
𝑫𝑙 ,𝑫𝑠 ,𝒁𝑙 ,𝒁𝑠

{

‖𝒀 −𝑫𝑙𝒁 𝑙 −𝑫𝑠𝒁𝑠‖
2
𝐹 + 𝜆1‖𝒁 𝑙‖2,1

+ 𝜆2‖𝒁𝑠‖1 + 𝜆3‖𝑫𝑙‖∗ + 𝜆4‖𝑫𝑠𝒁𝑠‖1
}

(4)

where 𝜆3 and 𝜆4 are the balance parameters.

In Eq. (4), 𝑫𝑙 is utilized to represent low-rank components of the
input image, so it should also be low-rank. Therefore, we introduce
regularization term ‖𝑫𝑙‖∗ to refine the solution space of 𝑫𝑙. More-
over, since the sparse components are linearly related to the atoms of
dictionary 𝑫𝑠 and they have the same morphological properties, thus
‖𝑫𝑠𝒁𝑠‖1 can also be utilized to regularize the solution space of 𝑫𝑠.

In addition, to further improve the accuracy of the dictionary, we
introduce the constraint condition 𝒀 = 𝑫 𝒁 and 𝒀 = 𝑫 𝒁 . Then
𝑙 𝑙 𝑙 𝑠 𝑠 𝑠
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Eq. (4) can be rewritten as:

⎧

⎪

⎨

⎪

⎩

𝑫 𝑙 ,𝑫𝑠
𝒁 𝑙 ,𝒁𝑠
𝒀 𝑙 ,𝒀 𝑠

⎫

⎪

⎬

⎪

⎭

=arg min
𝑫𝑙 ,𝑫𝑠 ,𝒁 𝑙 ,𝒁𝑠 ,𝒀 𝑙 ,𝒀 𝑠

{

‖𝒀 − 𝒀 𝑙 − 𝒀 𝑠‖
2
𝐹 + 𝜆1‖𝒁 𝑙‖2,1 + 𝜆2‖𝒁𝑠‖1

+ 𝜆3‖𝑫 𝑙‖∗ + 𝜆4‖𝒀 − 𝒀 𝑙‖1
}

𝑠.𝑡. 𝒀 𝑙 = 𝑫 𝑙𝒁 𝑙 , 𝒀 𝑠 = 𝑫𝑠𝒁𝑠

(5)

.2. Image decomposition and image completion

Let 𝑿 denote the underlying complete image of incomplete observed
mage 𝑴 . Assuming that the observation image 𝑴 is divided into

patches with the size of
√

𝑊 ×
√

𝑊 , and each image patch is
eshaped into a column vector, then 𝑴 can be expressed as 𝑴 =
[𝒎1,𝒎2,… ,𝒎𝑃 ] ∈ R𝑊 ×𝑃 , in which 𝒎𝑖 ∈ R𝑊 is a column vector
rearranged by the 𝑖th image patch. According to the matrix completion
model in Eq. (1) and the learned dictionaries 𝑫𝑙 and 𝑫𝑠, the developed
image decomposition and completion model can be formulated as:
{

𝑨𝑙 ,𝑨𝑠,𝑿
}

=arg min
𝑨𝑙 ,𝑨𝑠 ,𝑿

{

‖𝑿 −𝑫𝑙𝑨𝑙 −𝑫𝑠𝑨𝑠‖
2
𝐹 + 𝜏‖𝑿‖∗ + 𝛽1‖𝑫𝑙𝑨𝑙‖∗

+ 𝛽2‖𝑫𝑠𝑨𝑠‖1 + 𝛽3‖𝑨𝑙‖2,1 + 𝛽4‖𝑨𝑠‖1
}

𝑠.𝑡. 𝑷𝛺(𝑿) = 𝑷𝛺(𝑴)

(6)

where 𝜏 and 𝛽𝑖(𝑖 = 1, 2,… , 4) are the regularization parameters. 𝑿 =
[𝒙1,𝒙2,… ,𝒙𝑃 ] ∈ R𝑊 ×𝑃 , 𝒙𝑖(𝑖 = 1, 2,… , 𝑃 ) denotes the 𝑖th patch of
underlying complete image. 𝑨𝑙 = [𝒂𝑙,1,𝒂𝑙,2,… ,𝒂𝑙,𝑃 ] ∈ R𝐾×𝑃 and 𝑨𝑠 =
[𝒂𝑠,1,𝒂𝑠,2,… ,𝒂𝑠,𝑃 ] ∈ R𝐾×𝑃 are the coding coefficients of low-rank and
sparse components of the complete image 𝑿, respectively.

Since the functions in Eqs. (5) and (6) are convex, they can be solved
by alternative iterative method.

4. Optimization and algorithm

4.1. Optimization of dictionary learning model

Eq. (5) describes a constrained optimization problem, and it can
be solved effectively by inexact Augmented Lagrangian multiplier
method [24]. The augmented Lagrangian function can be expressed by:

⎧

⎪

⎨

⎪

⎩

𝑫 𝑙 ,𝑫𝑠
𝒁 𝑙 ,𝒁𝑠
𝒀 𝑙 ,𝒀 𝑠

⎫

⎪

⎬

⎪

⎭

=arg min
𝑫𝑙 ,𝑫𝑠 ,𝒁 𝑙 ,𝒁𝑠 ,𝒀 𝑙 ,𝒀 𝑠

{

‖𝒀 − 𝒀 𝑙 − 𝒀 𝑠‖
2
𝐹 + 𝜆1‖𝒁 𝑙‖2,1 + 𝜆2‖𝒁𝑠‖1

+ 𝜆3‖𝑫 𝑙‖∗ + 𝜆4‖𝒀 − 𝒀 𝑙‖1 + 𝑡𝑟[𝑼 𝑇
1 (𝒀 𝑙 −𝑫 𝑙𝒁 𝑙)]

+
𝜇1

2
‖𝒀 𝑙 −𝑫 𝑙𝒁 𝑙‖

2
𝐹

+ 𝑡𝑟[𝑼 𝑇
2 (𝒀 𝑠 −𝑫𝑠𝒁𝑠)] +

𝜇2

2
‖𝒀 𝑠 −𝑫𝑠𝒁𝑠‖

2
𝐹

}

(7)

where 𝑼 1 and 𝑼 2 are the Lagrange multiplier, 𝜇1 and 𝜇2 (𝜇1, 𝜇2 > 0)
are balance parameters, 𝑇 denotes the transpose operation, and 𝑡𝑟 is an
operator of finding the trace of a matrix.

4.1.1. Updating of 𝐘𝑙 and 𝐘𝑠
We update 𝒀 𝑙 with 𝑫𝑙, 𝑫𝑠, 𝒁 𝑙, 𝒁𝑠 and 𝒀 𝑠 fixed. Thus, the objective

function in Eq. (7) is reduced to:

𝒀 𝑙 = argmin
𝒀 𝑙

{

‖𝒀 −𝒀 𝑙−𝒀 𝑠‖
2
𝐹 +𝜆4‖𝒀 −𝒀 𝑙‖1+

𝜇1
2
‖𝒀 𝑙−𝑫𝑙𝒁 𝑙+

𝑼 1
𝜇1

‖

2
𝐹
}

(8)

The auxiliary variable 𝒀 𝑠 is introduced to solve Eq. (8) and it can
e rewritten as:
{

𝒀 𝑙 , 𝒀 𝑠

}

=arg min
𝒀 𝑙 ,𝒀 𝑠

{

‖𝒀 𝑠 − 𝒀 𝑠‖
2
𝐹 + 𝜆4‖𝒀 𝑠‖1 + ‖𝒀 𝑠 − (𝒀 − 𝒀 𝑙)‖2𝐹

+
𝜇1

‖𝒀 𝑙 −𝑫𝑙𝒁 𝑙 +
𝑼 1

‖

2 }

(9)
2 𝜇1 𝐹

4

here 𝒀 𝑠 can be updated by:

𝒀 𝑠 =argmin
𝒀 𝑠

{

‖𝒀 𝑠 − 𝑰𝒀 𝑠‖
2
𝐹 + 𝜆4‖𝒀 𝑠‖1

}

(10)

here 𝒀 𝑠 = [𝒀 𝑠; 𝒀 − 𝒀 𝑙], 𝑰 = [𝑰𝑊 ; 𝑰𝑊 ], 𝑰𝑊 is the 𝑊 × 𝑊 identity
atrix.

The above objective function is a typical 𝑙1-norm minimization
roblem, which can be solved by the Two-Step Iterative Shrinkage/
hresholding (TwIST) algorithm [30] or Fast Iterative Shrinkage-
hresholding (FIST) algorithm [31]. Then, 𝒀 𝑙 can be updated by:

𝒀 𝑙 =argmin
𝒀 𝑙

{

‖𝒀 𝑠 − (𝒀 − 𝒀 𝑙)‖2𝐹 +
𝜇1
2
‖𝒀 𝑙 −𝑫𝑙𝒁 𝑙 +

𝑼 1
𝜇1

‖

2
𝐹
}

(11)

All terms in Eq. (11) are Frobenius norms, so it has analytic solu-
tions:

𝒀 𝑙 =
1

2 + 𝜇1
(𝜇1𝑫𝑙𝒁 𝑙 − 2𝒀 𝑠 + 2𝒀 − 𝑼 1) (12)

Similarly, by fixing 𝑫𝑙, 𝑫𝑠, 𝒁 𝑙, 𝒁𝑠 and 𝒀 𝑙, 𝒀 𝑠 can be updated:

𝒀 𝑠 =argmin
𝒀 𝑠

{

‖𝒀 − 𝒀 𝑙 − 𝒀 𝑠‖
2
𝐹 +

𝜇2
2
‖𝒀 𝑠 −𝑫𝑠𝒁𝑠 +

𝑼 2
𝜇2

‖

2
𝐹
}

(13)

which has a closed-form solution:

𝒀 𝑠 =
1

2 + 𝜇2
(𝜇2𝑫𝑠𝒁𝑠 − 2𝒀 𝑙 + 2𝒀 − 𝑼 2) (14)

.1.2. Updating of 𝐙𝑙 and 𝐙𝑠
We optimize 𝒁 𝑙 by fixing all other variables, and Eq. (7) can be

e-formulated as:

𝒁 𝑙 =argmin
𝒁𝑙

{

𝜆1‖𝒁 𝑙‖2,1 +
𝜇1
2
‖𝒀 𝑙 +

𝑼 1
𝜇1

−𝑫𝑙𝒁 𝑙‖
2
𝐹
}

(15)

The above objective function is a 𝑙2,1-norm solution problem, which
can be solved by the algorithm proposed in literature [32]. Similarly,
we can update 𝒁𝑠 by:

𝒁𝑠 =argmin
𝒁𝑠

{

𝜆2‖𝒁𝑠‖1 +
𝜇2
2
‖𝒀 𝑠 +

𝑼 2
𝜇2

−𝑫𝑠𝒁𝑠‖
2
𝐹
}

(16)

The 𝑙1 minimization problem can be solved by either the TwIST or
IST algorithm.

.1.3. Updating of 𝐃𝑙 and 𝐃𝑠
The low-rank dictionary 𝑫𝑙 can be updated by fixing other param-

eters in Eq. (7):

𝑫𝑙 =argmin
𝑫𝑙

{

𝜆3‖𝑫𝑙‖∗ +
𝜇1
2
‖𝒀 𝑙 +

𝑼 1
𝜇1

−𝑫𝑙𝒁 𝑙‖
2
𝐹
}

(17)

To solve 𝑫𝑙, we introduce a relaxation variable 𝑩𝑙:

{𝑫𝑙 ,𝑩𝑙} = arg min
𝑫𝑙 ,𝑩𝑙

{

𝜆3‖𝑩𝑙‖∗+‖𝑫𝑙−𝑩𝑙‖
2
𝐹 +

𝜇1
2
‖𝒀 𝑙+

𝑼 1
𝜇1

−𝑫𝑙𝒁 𝑙‖
2
𝐹
}

(18)

𝑩𝑙 and 𝑫𝑙 can be updated alternatively. The optimal solution of 𝑩𝑙
can be obtained by solving the following optimization problem:

𝑩𝑙 =argmin
𝑩𝑙

{

‖𝑫𝑙 − 𝑩𝑙‖
2
𝐹 + 𝜆3‖𝑩𝑙‖∗

}

(19)

This is a nuclear norm minimization problem and 𝑩𝑙 can be solved
by using the Singular Value Thresholding (SVT) algorithm [22]. After
𝑩𝑙 is updated, 𝑫𝑙 can be solved by:

𝑫𝑙 =argmin
𝑫𝑙

{

‖𝑩𝑙 −𝑫𝑙‖
2
𝐹 +

𝜇1
2
‖𝒀 𝑙 +

𝑼 1
𝜇1

−𝑫𝑙𝒁 𝑙‖
2
𝐹
}

(20)

which has closed-form solution:

𝑫𝑙 = (2𝑩𝑙 + 𝜇1𝒀 𝑙𝒁𝑇
𝑙 + 𝑼 1𝒁𝑇

𝑙 )(2𝑰 + 𝜇1𝒁 𝑙𝒁𝑇
𝑙 )

−1 (21)

Then, we optimize the sparse dictionary 𝑫𝑠 by fixing 𝒀 𝑙, 𝒀 𝑠, 𝒁 𝑙, 𝒁𝑠
and 𝑫𝑙. Eq. (7) can be thus simplified as:

𝑫𝑠 =argmin
{

‖𝒀 𝑠 +
𝑼 2 −𝑫𝑠𝒁𝑠‖

2 } (22)

𝑫𝑠 𝜇2 𝐹
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𝑫𝑠 has an analytic solution:

𝑫𝑠 = (𝒀 𝑠𝒁𝑇
𝑠 +

𝑼 2
𝜇2

𝒁𝑇
𝑠 )(𝒁𝑠𝒁𝑇

𝑠 )
−1 (23)

The algorithm for learning low-rank and sparse dictionaries is sum-
marized in Algorithm 1.
Algorithm 1 Algorithm for low-rank and sparse dictionaries learning
Input: 𝑫𝑙, 𝑫𝑠, 𝜆𝑖(𝑖 = 1, 2,… , 4), maximum number of iterations .
Initialize: 𝒀 𝑙, 𝒀 𝑠, 𝒁 𝑙, 𝒁𝑠, 𝑼 1 = 𝑼 2 = 0, 𝜇1 = 𝜇2 = 0, 𝑚𝑎𝑥𝜇1 =
𝑚𝑎𝑥𝜇2 = 1030, 𝜌 = 1.1
while  not be reached do

1. Update the low-rank and sparse components 𝒀 𝑙 and 𝒀 𝑠
(1) Update auxiliary variable 𝒀 𝑠 by solving Eq. (10).
(2) Update 𝒀 𝑙 by solving Eq. (12).
(3) Update 𝒀 𝑠 by solving Eq. (14).

2. Update the coding coefficients 𝒁 𝑙 and 𝒁𝑠
(1) Update 𝒁 𝑙 by solving Eq. (15).
(2) Update 𝒁𝑠 by solving Eq. (16).

3. Update the dictionaries 𝑫𝑙 and 𝑫𝑠
(1) Update auxiliary variable 𝑩𝑙 by solving Eq. (19).
(2) Update 𝑫𝑙 by solving Eq. (21).
(3) Update 𝑫𝑠 by solving Eq. (23).

4. Update 𝑼 1, 𝑼 2, 𝜇1 and 𝜇2
(1) 𝑼 1 = 𝑼 1 + 𝜇1(𝒀 𝑙 −𝑫𝑙𝒁 𝑙).
(2) 𝑼 2 = 𝑼 2 + 𝜇2(𝒀 𝑠 −𝑫𝑠𝒁𝑠).
(3) 𝜇1 = min(𝜌𝜇1,max𝜇1).
(4) 𝜇2 = min(𝜌𝜇2,max𝜇2).

end while
Output 𝑫𝑙 and 𝑫𝑠.

4.2. Optimization of image decomposition and completion model

By introducing the auxiliary variables 𝑿𝑙 and 𝑿𝑠, the objective
function in Eq. (6) can be re-formulated as:
{

𝑿,𝑿𝑙 ,𝑿𝑠

𝑨𝑙 ,𝑨𝑠

}

=arg min
𝑿,𝑿𝑙 ,𝑿𝑠 ,𝑨𝑙 ,𝑨𝑠

{

‖𝑿 −𝑿𝑙 −𝑿𝑠‖
2
𝐹 + 𝜏‖𝑿‖∗

+ 𝛽1‖𝑿𝑙‖∗ + ‖𝑿𝑙 −𝑫 𝑙𝑨𝑙‖
2
𝐹

+ 𝛽2‖𝑿𝑠‖1 + ‖𝑿𝑠 −𝑫𝑠𝑨𝑠‖
2
𝐹 + 𝛽3‖𝑨𝑙‖2,1 + 𝛽4‖𝑨𝑠‖1

}

𝑠.𝑡. 𝑷𝛺(𝑿) = 𝑷𝛺(𝑴)

(24)

4.2.1. Updating of 𝐗
We update 𝑿 with other variables fixed, Eq. (24) can be simplified

as:

𝑿 =argmin
𝑿

{

‖𝑿 −𝑿𝑙 −𝑿𝑠‖
2
𝐹 + 𝜏‖𝑿‖∗

}

𝑠.𝑡. 𝑷𝛺(𝑿) = 𝑷𝛺(𝑴)

(25)

Eq. (25) can be solved by inexact Augmented Lagrangian multiplier
method. The augmented Lagrangian function of Eq. (25) is:

𝑿 =argmin
𝑿

{

‖𝑿 −𝑿𝑙 −𝑿𝑠‖
2
𝐹 + 𝜏‖𝑿‖∗ + 𝑡𝑟[𝜦𝑇 (𝑷𝛺(𝑿) − 𝑷𝛺(𝑴))]

+ 𝜆
2
‖𝑷𝛺(𝑿) − 𝑷𝛺(𝑴)‖2𝐹

}

(26)

where 𝜦 is the Lagrange multiplier, 𝜆(𝜆 > 0) is the balance parameter.
To solve the above optimization problem, we introduce auxiliary

variable 𝑿̃ and Eq. (26) can be rewritten as:

{𝑿, 𝑿̃} = argmin
𝑿,𝑿̃

{

‖𝑿̃ −𝑿𝑙 −𝑿𝑠‖
2
𝐹 + 𝜏‖𝑿‖∗

+ 𝜆
‖𝑷 (𝑿̃) − 𝑷 (𝑴) + 𝜦

‖

2 + ‖𝑿 − 𝑿̃‖

2 }

(27)
2 𝛺 𝛺 𝜆 𝐹 𝐹

5

𝑿̃ can be updated by:

𝑿̃ = argmin
𝑿̃

{

‖𝑿̃ −𝑿𝑙 −𝑿𝑠‖
2
𝐹 + 𝜆

2
‖𝑷𝛺(𝑿̃) −𝑷𝛺(𝑴) + 𝜦

𝜆
‖

2
𝐹 +‖𝑿 − 𝑿̃‖

2
𝐹
}

(28)

which has closed-form solution:

𝑿̃ = 0.5(𝑿̃ +𝑿𝑙 +𝑿𝑠) − 0.25𝜆𝑃𝛺(𝑿̃ −𝑴) − 0.25𝑃𝛺(𝜦) (29)

After 𝑿̃ is updated, we can obtain 𝑿 by solving:

𝑿 =argmin
𝑿

{

‖𝑿 − 𝑿̃‖

2
𝐹 + 𝜏‖𝑿‖∗

}

(30)

𝑿 can be solved by using the SVT algorithm.

4.2.2. Updating of 𝐗𝑙 and 𝐗𝑠
By fixing other parameters to update 𝑿𝑙, Eq. (24) can be re-written

as:

𝑿𝑙 =argmin
𝑿𝑙

{

‖𝑿𝑙 − 𝑰𝑿𝑙‖
2
𝐹 + 𝛽1‖𝑿𝑙‖∗

}

(31)

where 𝑿𝑙 = [𝑿 − 𝑿𝑠;𝑫𝑙𝑨𝑙], 𝑰 = [𝑰𝑊 ; 𝑰𝑊 ], 𝑰𝑊 represents 𝑊 × 𝑊
dentity matrix. Eq. (31) is also a nuclear norm minimization problem
hich can be solved by SVT algorithm. Similarly, we can obtain 𝑿𝑠 by

olving:

𝑿𝑠 =argmin
𝑿𝑠

{

‖𝑿𝑠 − 𝑰𝑿𝑠‖
2
𝐹 + 𝛽2‖𝑿𝑠‖1

}

(32)

here 𝑿𝑠 = [𝑿 − 𝑿𝑙;𝑫𝑠𝑨𝑠]. Eq. (32) can be solved by TwIST or FIST
lgorithm.

.2.3. Updating of 𝐀𝑙 and 𝐀𝑠
After 𝑿, 𝑿𝑙 and 𝑿𝑠 are updated, 𝑨𝑙 and 𝑨𝑠 can be obtained by

olving:

𝑨𝑙 =argmin
𝑨𝑙

{

‖𝑿𝑙 −𝑫𝑙𝑨𝑙‖
2
𝐹 + 𝛽3‖𝑨𝑙‖2,1

}

(33)

nd

𝑨𝑠 =argmin
𝑨𝑠

{

‖𝑿𝑠 −𝑫𝑠𝑨𝑠‖
2
𝐹 + 𝛽4‖𝑨𝑠‖1

}

(34)

Eq. (33) is a 𝑙2,1-norm minimization problem which can be solved
y the algorithm in literature [32]. Eq. (34) is 𝑙1-norm minimization
roblem and 𝑨𝑠 can be updated by TwIST or FIST algorithm. The
etails of solving the image decomposition and completion model are
ummarized in Algorithm 2.

Algorithm 2 Algorithm for the proposed image decomposition and
completion model
Input: 𝑴 , 𝑫𝑙, 𝑫𝑠, 𝛽𝑗 (𝑗 = 1, 2,… , 4), 𝜏, maximum number of
iterations .
Initialize: 𝑿 = 𝑴 , 𝜦 = 0, 𝜆 = 0, 𝑚𝑎𝑥𝜆 = 1030, 𝜌 = 1.1
while  not be reached do

1. Update the underlying complete image 𝑿
(1)Update auxiliary variable 𝑿̃ by solving Eq. (29).
(2)Update 𝑿 by solving Eq. (30).

2. Update the low-rank and sparse components 𝑿𝑙 and 𝑿𝑠
(1) Update 𝑿𝑙 by solving Eq. (31).
(2) Update 𝑿𝑠 by solving Eq. (32).

3. Update the coding coefficients 𝑨𝑙 and 𝑨𝑠
(1) Update 𝑨𝑙 by solving Eq. (33).
(2) Update 𝑨𝑠 by solving Eq. (34).

4. Update 𝜦 and 𝜆
(1) 𝜦 = 𝜦 + 𝜆𝑷𝛺(𝑿 −𝑴).
(2) 𝜆 = min(𝜌𝜆, 𝑚𝑎𝑥𝜆).

end while
Output 𝑨𝑙 and 𝑨𝑠.
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Fig. 2. The performance analysis of the proposed image decomposition and completion model.
(a) image with 20% missing pixels
(b) low-rank component obtained by the proposed image decomposition and completion model
(c) sparse component obtained by the proposed image decomposition and completion model
(d) superposition of low-rank and sparse component.

.

4.3. Convergence analysis

In the process of solving Eqs. (5) and (6), 𝑙1-norm minimization, 𝑙2,1-
orm minimization and kernel norm minimization are mainly involved.
qs. (10), (16), (32) and (34) are 𝑙1-norm minimization problems,
hich can be solved by the TwIST or FIST algorithm. They have been
roved to be convergent respectively [30,31]. Eqs. (15) and (33) are the
2,1-norm minimization problem. The convergence of the optimization
lgorithm of this kind of problem has been proved in [32]. Moreover,
qs. (19), (30), and (31) are nuclear norm minimization problems that
an be solved by the SVT algorithm, the convergence of which has been
roved in [22]. Therefore, we can conclude that both Algorithm 1 and
lgorithm 2 are convergent.

.4. Performance of the proposed image decomposition and completion
odel

In order to demonstrate the effectiveness of the proposed image
ecomposition and completion model, an experiment on the image with
0% missing pixels is carried out. The experimental results are shown in
ig. 2. Specifically, Fig. 2(a) shows an image with 20% missing pixels.
ig. 2(b) and (c) are the results of decomposition and completion of
he damaged images, representing the low-rank component and sparse
omponent respectively. Fig. 2(d) is the superposition of Fig. 2(b) and
c). Comparing Fig. 2(d) with (a), it can be seen that the proposed
odel can effectively recover the damaged images. The low-rank and

parse components as shown in Fig. 2(b) and (c) will be used for image
usion. In Section 6, extensive experiments will be carried out to verify
he effectiveness and superiority of the proposed image fusion and
ompletion framework.

. Fusion scheme

In the related SR-based fusion methods, the activity level of an
mage patch can be measured by the 𝑙1-norm of its corresponding
parse coding coefficients. Moreover, the coding coefficients with larger
1-norm correspond to patches with salient features such as edge struc-
ures and texture details [11,12], the maximum 𝑙1-norm fusion rule is
hus chosen. Let 𝐿 be the number of input images, each image is divided
nto 𝑃 patches with the size of

√

𝑊 ×
√

𝑊 . 𝒂𝑗𝑙,𝑖 and 𝒂𝑗𝑠,𝑖 denote the
oding coefficients of low-rank and sparse components of 𝑖th patch in
he 𝑗th image respectively. The coding coefficients of final fused image
an be obtained by:

𝐹
𝑐,𝑖 = 𝒂𝑗

𝑐,𝑖, 𝑗 = argmax
𝑗

{

‖𝒂1
𝑐,𝑖‖1, ‖𝒂

2
𝑐,𝑖‖1,… , ‖𝒂𝑗

𝑐,𝑖‖1,… , ‖𝒂𝐿
𝑐,𝑖‖1

}

, 𝑖 = 1, 2,… , 𝑃 ,

(35)
6

where 𝑐 ∈ {𝑙, 𝑠}, 𝒂𝐹𝑙,𝑖 and 𝒂𝐹𝑠,𝑖 represent the fused coding coefficients of
low-rank and sparse components of 𝑖th patch in 𝑗th image respectively.
According to Eq. (35), we can obtain the fused low-rank and sparse cod-
ing coefficients, which can be expressed as 𝑨𝐹

𝑙 = [𝒂𝐹𝑙,1,𝒂
𝐹
𝑙,2,… ,𝒂𝐹𝑙,𝑃 ] ∈

R𝐾×𝑃 and 𝑨𝐹
𝑠 = [𝒂𝐹𝑠,1,𝒂

𝐹
𝑠,2,… ,𝒂𝐹𝑠,𝑃 ] ∈ R𝐾×𝑃 . Then, the fused result can

be obtained based on dictionaries 𝑫𝑙 and 𝑫𝑠:

𝑿𝐹 = 𝑫𝑙𝑨𝐹
𝑙 +𝑫𝑠𝑨𝐹

𝑠 (36)

The final goal can be achieved by reshaping 𝑿𝐹 to size of input
image.

6. Experiment results

6.1. Experimental settings

Three pairs of images including one pair of medical images, one pair
of infrared and visible images, and one pair of multi-focus images are
selected for testing. The values of 10% or 20% pixels of each image are
randomly set to zero to generate corresponding damaged images. The
clean images without missing pixels and the damaged images with 10%
and 20% missing pixels are presented in Fig. 3. The subfigures (a) to (f)
are three pairs of clean images, while (g) to (l) are the damaged images
with 10% missing pixels. The subfigures (m) to (r) are the damaged
images with 20% missing pixels.

The proposed method is compared with the state-of-the-art methods
including the ASR-based method [16], Kim’s method [33], U2Fusion
method [34], the KSVD-based method [14], Li’s method [12] and
Tao’s method [29] for the clean image fusion. For the damaged im-
age fusion, no method to deal with image fusion and completion
simultaneously has been found in literature according to the authors’
knowledge. Therefore, on the one hand, we regard the missing pix-
els as noise and compare the proposed method with those that can
conduct simultaneous fusion and denoising, such as Li’s method [12]
and Tao’s method [29]. On the other hand, the proposed method is
compared with the step-by-step methods of image fusion and com-
pletion. During the step-by-step operation, to avoid the influence of
missing pixels on the final result, image completion is carried out before
image fusion. Image completion is performed by the Singular Value
Thresholding (SVT) [22] and Truncated Nuclear Norm Regularization
(TNNR) [35] algorithms, while U2Fusion [34] and KSVD-based [14]
methods are used for image fusion. The four step-by-step methods are
named SVT-U2Fusion, SVT-KSVD, TNNR-U2Fusion and TNNR-KSVD in
the following.

For the purpose of evaluating the performance of each method
quantitatively, 𝑄𝑁𝐶𝐼𝐸 [36], 𝑄𝑀𝐼 [37], 𝑄𝐶 [38], 𝑄𝐶𝐵 [39], 𝑄𝑆𝑇𝐷,
𝑄𝐸𝑁𝑇 and 𝑄𝐴𝐵∕𝐹 [40] are adopt to measure the final experimental re-
sults. 𝑄 , denoting the nonlinear correlation information entropy,
𝑁𝐶𝐼𝐸
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Fig. 3. The clean and damaged test images.
(a) to (f): three pairs of clean images without missing pixels
(g) to (l): three pairs of damaged images with 10% missing pixels
(m) to (r): three pairs of damaged images with 20% missing pixels.

.

is used to measure the correlation between the result image and source
images. Mutual information 𝑄𝑀𝐼 measures the information transferred
from source images to the result image. 𝑄𝐶 represents the structural
imilarity between the result image and source images. 𝑄𝐶𝐵 measures
he similarity between the result image and source images based on
uman perception. 𝑄𝑆𝑇𝐷 is the standard deviation of images. 𝑄𝐸𝑁𝑇
s the information entropy, which reflects the average information of
mages. 𝑄𝐴𝐵∕𝐹 is utilized to measure the amount of edge information
ransferred from the source images to the fused image. Larger value of
he indicators implies better image quality.

.2. Parameter settings

There are 11 parameters in dictionary learning and image decom-
osition algorithms. Each parameter is manually adjusted according
o the empirical experience. Algorithm 1 includes five parameters:
𝑖(𝑖 = 1, 2, 3, 4) and the maximum number of iterations . In dictionary
raining, when the dictionaries generated by two adjacent iterations do
ot change much, that is, when ‖𝑫𝑘+1

𝑙 − 𝑫𝑘
𝑙 ‖

2
𝐹 and ‖𝑫𝑘+1

𝑠 − 𝑫𝑘
𝑠‖

2
𝐹 (𝑘

enoting the number of iterations) tend to zero, Algorithm 1 converges
nd the iteration ends. For the training samples given in Fig. 4, we
btain the convergence curves of Algorithm 1, as shown in Fig. 5..
hen the number of iterations reaches 20, the change curves of low-

ank and sparse dictionaries begin to converge. Therefore, we set  =
30. In addition, we set 𝜆1 = 0.001, 𝜆2 = 0.0001, 𝜆3 = 1.3 and 𝜆4 = 0.01 in
Algorithm 1. The detailed analysis of parameter 𝜆𝑖(𝑖 = 1, 2, 3, 4) is given
in Section 6.5.

Algorithm 2 has six parameters, namely 𝛽𝑗 (𝑗 = 1, 2, 3, 4), 𝜏 and the
maximum number of iterations . In the experiments, Algorithm 2
converges when the coding coefficients of low-rank and sparse com-
ponents are stable. Fig. 6(a) and (b) show the convergence curves
of Algorithm 2 on the clean image (in Fig. 3 (b)). Fig. 6(c) and (d)
show the convergence curves of Algorithm 2 on the damaged image
(in Fig. 3(h)). As shown in Fig. 6, Algorithm 2 converges when  = 15,
7

so we set  = 20 for the clean and damaged image decomposition. The
constraint term 𝜏‖𝑿‖∗ and condition term 𝑷𝛺(𝑿) = 𝑷𝛺(𝑴) in Eq. (6)
are used to solve the problem of image completion. Therefore, when the
clean images are fused, the condition term 𝑷𝛺(𝑿) = 𝑷𝛺(𝑴) is removed.
𝜏 is set to 0 and 0.1 for the clean and damaged image, respectively, as
well as 𝛽1, which is set to 20 and 0.1 for the clean and damaged image,
respectively. For the clean and damaged image, 𝛽2 = 0.00001, 𝛽3 = 0.1,
𝛽4 = 0.00001 in Algorithm 2. The detailed parameter analysis is shown
in Section 6.5. Moreover, the dictionary size is set to 64 × 256 and the
size of image block is 8 × 8 [12]. In order to reduce the blocking effect,
six pixels are overlapped between adjacent image blocks.

6.3. Experiments on clean images without missing pixels

Three pairs of clean images without missing pixels are taken as
test images to verify the effectiveness of the proposed method for
clean image fusion, as shown in Fig. 3. Fig. 3(a) and (b) are a pair of
MR-T1/MR-T2 medical images. MR-T1/MR-T2 images contain comple-
mentary information, which is used to produce a high-quality image
for subsequent image processing. Fig. 3(c) and (d) are one pair of
infrared–visible images. Fig. 3(c) is an infrared image that gives the
characteristics of the thermal target but cannot reflect the details of the
scene. Fig. 3(d) is a visible image that reflects the detailed information.
Therefore, the infrared–visible image fusion can produce an image with
clear background and thermal target. Fig. 3(e) and (f) are one pair of
multi-focus images. The focus areas of the two images are different, and
a clear image with the full focus can be obtained by image fusion.

Fig. 7 shows the fused results of clean images by the ASR-based,
Kim’s, U2Fusion, KSVD-based, Li’s, Tao’s and the proposed methods,
respectively. Fig. 7(a) to (g) are the fused results of clean medical
images. Fig. 7(h) to (n) lists the fused results of clean infrared–visible
images, and Fig. 7(o) to (u) presents the fused results of clean multi-
focus images. The local regions of the fused images are enlarged for
further observation and comparison. As shown in Fig. 7(a) to (d),
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Fig. 4. The training samples for dictionary learning.
Fig. 5. The convergence curves of low-rank and sparse dictionaries in Algorithm 1.
(a) convergence curve of low-rank dictionaries 𝑫 𝑙 ; (b) convergence curve of low-rank dictionaries 𝑫𝑠.
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ig. 7(h) to (k) and Fig. 7(o) to (r) are of low brightness, which means
hat the ASR, Kim’s, U2Fusion and KSVD-based methods cannot retain
he brightness information of the source images well. Moreover, the
used images shown in Fig. 7(a) to (d) and Fig. 7(p) to (r) present
lurred details. Information loss can be told from the fused images
hown in Fig. 7(h) to (k). As shown in Fig. 7(e) to (g), Fig. 7(l) to (n) and
ig. 7(s) to (u), the proposed method gives similar fusion results with
i’s and Tao’s methods. These fusion results present high brightness and
lear details. It is because that the proposed method mainly deals with
he fusion of damaged images whereas it lacks an obvious advantage
n visual effect for the fusion of clean images.

We calculate 𝑄𝑁𝐶𝐼𝐸 , 𝑄𝑀𝐼 , 𝑄𝐶 , 𝑄𝐶𝐵 , 𝑄𝑆𝑇𝐷, 𝑄𝐸𝑁𝑇 and 𝑄𝐴𝐵∕𝐹 for
ifferent fusion results to compare their performance quantitatively.
able 1 shows the quantitative assessments for clean image fusion
esults by different methods. As can be seen from Table 1, the proposed
ethod outperforms the ASR-based, Kim’s, U2Fusion, and KSVD-based
ethods in all metrics and is superior to Li’s and Tao’s methods at the
ost metrics. To summarize, for the clean image fusion, the proposed
ethod outperforms others in terms of the visual and quantitative

valuation results. Then, we verify its performance in the damaged
mage fusion.
 (

8

.4. Experiments on images with missing pixels

Three pairs of damaged images with 10% missing pixels are se-
ected as the test samples as shown in Fig. 3(g) to (l). Fig. 8 shows
he comparison results obtained by SVT-U2Fusion, SVT-KSVD, TNNR-
2Fusion, TNNR-KSVD, Li’s, Tao’s and the proposed methods. Li’s
nd Tao’s methods cannot deal with the damaged image fusion, and
he missing pixels are not compensated. Moreover, according to the
ecovery and fusion results of medical images in Fig. 8, SVT-U2Fusion
nd SVT-KSVD methods can retain the details of the original images,
ut with brightness loss. The results of TNNR-U2Fusion and TNNR-
SVD methods show poor visual effects with blurred details and low
rightness. On the other hand, the results show that the proposed
ethod retains the brightness and details in the original images, and

he overall visual effect is the best among all tested methods. From the
ecovery and fusion results of infrared–visible images in Fig. 8, one can
ee that the proposed method achieves the best visual effect. However,
he results of other methods suffer the loss of detailed information,
articularly the results of TNNR-U2Fusion and TNNR-KSVD, which are
eriously blurred. Furthermore, Fig. 8(o) to (u) show the experimental
esults of the multi-focus images. It can be seen from Fig. 8(o) to
r) that the missing pixels are not fully recovered by SVT-U2Fusion,
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Fig. 6. The convergence curves of the low-rank and sparse coding coefficients in Algorithm 2.
(a) convergence curve of low-rank coding coefficients 𝑨𝑙 on the clean image in Fig. 3(b)
(b) convergence curve of sparse coding coefficients 𝑨𝑠 on the clean image in Fig. 3(b)
(c) convergence curve of low-rank coding coefficients 𝑨𝑙 on the damaged image in Fig. 3(h)
(d) convergence curve of sparse coding coefficients 𝑨𝑠 on the damaged image in Fig. 3(h).

.

Table 1
Quantitative evaluation of different fusion methods on the clean images without missing pixels.

Test images Methods 𝑄𝑁𝐶𝐼𝐸 𝑄𝑀𝐼 𝑄𝐶 𝑄𝐶𝐵 𝑄𝑆𝑇𝐷 𝑄𝐸𝑁𝑇 𝑄𝐴𝐵∕𝐹

MR-T1/MR-T2 ASR-based 0.8080 3.1831 0.6875 0.5736 51.2855 4.8278 0.5669
(256 × 256) Kim’s 0.8079 3.1822 0.6745 0.5211 51.8338 5.2905 0.5006

U2Fusion 0.8078 3.1756 0.3437 0.3503 41.7859 5.0637 0.3642
KSVD-based 0.8083 3.2836 0.6903 0.5571 48.5748 5.0148 0.4956
Li’s 0.8129 4.2984 0.8233 0.5563 73.4829 5.7402 0.6503
Tao’s 0.8152 4.7027 0.7150 0.5857 73.8508 5.4249 0.6454
Proposed 0.8183 5.1911 0.7353 0.5972 75.3672 5.4405 0.6548

Shrub ASR-based 0.8099 3.7771 0.7179 0.6464 35.0030 6.4952 0.6865
(256 × 256) Kim’s 0.8098 3.7492 0.7747 0.6417 32.3807 6.5066 0.6603

U2Fusion 0.8081 3.2782 0.6614 0.5893 29.9276 5.8206 0.5447
KSVD-based 0.8101 3.8465 0.7034 0.6633 32.9276 6.4570 0.6412
Li’s 0.8147 4.7388 0.8122 0.6646 42.0075 6.8485 0.7183
Tao’s 0.8192 5.4041 0.8083 0.6857 43.5986 6.8242 0.7253
Proposed 0.8274 6.3169 0.8182 0.6939 43.1467 6.7890 0.7242

Girl ASR-based 0.8153 4.9663 0.7918 0.6973 59.8548 7.6998 0.7722
(256 × 256) Kim’s 0.8138 4.6227 0.8029 0.4935 58.3479 7.7134 0.6731

U2Fusion 0.8138 4.5976 0.6538 0.6752 53.2722 7.3434 0.6059
KSVD-based 0.8145 4.7829 0.7704 0.5665 58.7966 7.6636 0.7011
Li’s 0.8179 5.4972 0.8052 0.7396 61.9020 7.7375 0.7826
Tao’s 0.8139 4.6373 0.7945 0.6641 65.6319 7.7553 0.7522
Proposed 0.8231 4.7649 0.8050 0.7614 63.1091 7.7550 0.7829
9
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Fig. 7. The fused results of clean images.
(a) to (g): fused results of medical images by the ASR-based, Kim’s, U2Fusion, KSVD-based, Li’s, Tao’s and the proposed methods
(h) to (n): fused results of infrared–visible images by the ASR-based, Kim’s, U2Fusion, KSVD-based, Li’s, Tao’s and the proposed methods
(o) to (u): fused results of multi-focus images by the ASR-based, Kim’s, U2Fusion, KSVD-based, Li’s, Tao’s and the proposed methods.
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SVT-KSVD, TNNR-U2Fusion and TNNR-KSVD methods. The proposed
method can well recover the lost pixels, and the resulting images
achieve the optimal visual effect.

To further compare the performance of different methods, the recov-
ery and fusion results are quantitatively analyzed. Table 2 presents the
objective evaluation on the damaged images with 10% missing pixels.
As shown in Table 2, for all the test images, the proposed method
achieves the optimal results on most evaluation metrics, that is because
the current evaluation metrics cannot always give objective evaluations
for any image. Most evaluation metrics can give a consistent evaluation,
which proves the superiority of this method.

The results obtained by the methods are compared on more chal-
lenging images with 20% missing pixels. Fig. 9 show the recovery and
fusion results of medical images, infrared–visible images and multi-
focus images obtained by different methods. From the visual point
of view, the proposed method on those test images presents the best
results among all tested methods. The quantitative comparison is shown
in Table 3. From the visual and quantitative evaluation results, we
can conclude that the developed method outperforms the compared
methods in fusing the damaged images.

6.5. Parameter and constraint influence

In this section, Fig. 3(g) and (h) are used as test images to an-
alyze the effects of parameter 𝜆𝑖(𝑖 = 1, 2, 3, 4) on the recovery and
fusion results. For 𝜆𝑖, it is found that when 𝜆1 ∈ [0.00001, 0.005], the
low-rank and sparse dictionaries obtained do not change much. With
other parameters fixed, Fig. 10(a) to (c) illustrate the recovery and
fusion results of Fig. 3(g) and (h) when 𝜆1 = 0.000001, 0.001, 0.01. As
can be seen, compared with the result at 𝜆1 = 0.001, the results at
𝜆1 = 0.000001, 0.01 exist details blurred. So we set 𝜆1 = 0.001. When
𝜆2 = 0.00001, 0.0001, 0.001, the recovery and fusion results are shown
in Fig. 10(d) to (f). When Fig. 10(d), (e) and (f) are compared, the
details are the clearest at 𝜆2 = 0.0001. So we set 𝜆2 = 0.0001. When
3 = 0.1, 1.3, 10, the recovery and fusion results are shown in Fig. 10(g)
o (i). It can be seen that 𝜆 = 1.3 produces a more satisfactory result,
3

10
o we set 𝜆3 = 1.3. When 𝜆4 = 0.001, 0.01, 0.1, the recovery and fusion
results are shown in Fig. 10(j) to (l). As can be seen from Fig. 10(j)
to (l), the result when 𝜆4 = 0.01 has the best visual effect. So we set
𝜆4 = 0.01. In summary, wet set 𝜆1, 𝜆2, 𝜆3 and 𝜆4 as 0.001, 0.0001, 1.3
and 0.01, respectively.

For the parameters in Eq. (6), Fig. 3(g) and (h) are used to analyze
the influence of parameters on the fusion results of the damaged im-
ages, Fig. 3(a) and (b) are used to analyze the influence of parameters
on the fusion results of the clean images.

In order to observe the effect of the parameter 𝛽1, we set 𝛽1 =
0.1, 1, 10 with 𝛽2 = 0.00001, 𝛽3 = 0.1, 𝛽4 = 0.00001 and 𝜏 = 0.1. Fig. 11(a)
o (c) illustrate the recovery and fusion results of Fig. 3(g) and (h)
nder three different values of 𝛽1. As can be seen from Fig. 11(a) to
c), when 𝛽1 = 0.1, the visual effect of the final result is best and when
1 = 1, 10, there are still pixels missing in the final results. Therefore,
1 is set to 0.1. After a large number of experiments, we found that the
ecovery and fusion results of Fig. 3(g) and (h) have little difference in
isual effect with 𝛽2, 𝛽4 ∈ [0.000001, 0.001], so we set 𝛽2 = 𝛽4 = 0.00001.
ith other parameters fixed, Fig. 11(d) to (f) illustrate the recovery

nd fusion results of Fig. 3(g) and (h) when 𝛽3 = 0.1, 1, 10. It can be
een that the results are blurred when 𝛽3 = 1, 10, so we set 𝛽3 = 0.1.
or the parameter of 𝜏, the final result does not change much when
∈ [0.01, 0.15]. Fig. 11(g) to (i) demonstrate the recovery and fusion

esults of Fig. 3(g) and (h) under 𝜏 = 0.001, 0.1, 1. When 𝜏 = 0.001, there
s still pixels missing in the final result. When 𝜏 = 1, the details of the
inal result are blurred. Consequently, we set 𝜏 = 0.1. The condition
erm 𝑷𝛺(𝑿) = 𝑷𝛺(𝑴) in Eq. (6) has a great influence on the recovery
nd fusion results. Fig. 11(j) shows the fusion results of Fig. 3(g) and
h) without 𝑷𝛺(𝑿) = 𝑷𝛺(𝑴). It can be seen that the result is seriously
lurred.

The constraint term 𝜏‖𝑿‖∗ and condition term 𝑷𝛺(𝑿) = 𝑷𝛺(𝑴) in
q. (6) are used to solve the problem of image completion. Therefore, 𝜏
s set to 0 and the condition term 𝑷𝛺(𝑿) = 𝑷𝛺(𝑴) is removed in Eq. (6)
or the fusion of the clean images. Furthermore, with other parameters
ixed, Fig. 11(k) to (l) illustrate the fusion results of Fig. 3(a) and (b)
hen 𝛽 = 1, 20. The fusion result has the brightness and detail loss
1
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Fig. 8. The recovery and fusion results of the damaged images with 10% missing pixels.
(a) to (g): fused results of medical images by the SVT-U2Fusion, SVT-KSVD, TNNR-U2Fusion, TNNR-KSVD, Li’s, Tao’s and the proposed methods;
(h) to (n): fused results of infrared–visible images by the SVT-U2Fusion, SVT-KSVD, TNNR-U2Fusion, TNNR-KSVD, Li’s, Tao’s and the proposed methods;
(o) to (u): fused results of multi-focus images by the SVT-U2Fusion, SVT-KSVD, TNNR-U2Fusion, TNNR-KSVD, Li’s, Tao’s and the proposed methods.

.

Table 2
Quantitative evaluation of different fusion methods on the damaged images with 10% missing pixels.

Test images Methods 𝑄𝑁𝐶𝐼𝐸 𝑄𝑀𝐼 𝑄𝐶 𝑄𝐶𝐵 𝑄𝑆𝑇𝐷 𝑄𝐸𝑁𝑇 𝑄𝐴𝐵∕𝐹

MR-T1/MR-T2 SVT-U2Fusion 0.8038 3.1173 0.1768 0.2893 29.0939 5.1814 0.3572
(256 × 256) SVT-KSVD 0.8083 3.2799 0.6497 0.5296 48.3580 5.0755 0.4856

TNNR-U2Fusion 0.8070 2.8655 0.3083 0.3384 40.6686 5.4114 0.2239
TNNR-KSVD 0.8074 3.0055 0.4547 0.4553 46.9080 5.7684 0.2434
Li’s 0.8081 3.1923 0.3508 0.3897 73.3170 6.3962 0.3732
Tao’s 0.8076 3.0267 0.3106 0.3334 68.5787 5.9951 0.2466
Proposed 0.8100 3.7380 0.5249 0.5221 69.7358 5.6447 0.5539

Shrub SVT-U2Fusion 0.8080 3.2506 0.6540 0.5853 29.6084 5.8125 0.5358
(256 × 256) SVT-KSVD 0.8100 3.8202 0.6991 0.6600 32.6302 6.4483 0.6260

TNNR-U2Fusion 0.8059 2.4210 0.4504 0.5131 26.9033 5.8363 0.2587
TNNR-KSVD 0.8065 2.7069 0.4682 0.5246 30.0391 6.5211 0.2619
Li’s 0.8067 2.7466 0.5668 0.5679 48.0053 6.3575 0.4127
Tao’s 0.8071 2.9091 0.4933 0.5187 42.7968 6.6115 0.3355
Proposed 0.8109 3.9436 0.7524 0.6577 38.4243 6.7030 0.6346

Girl SVT-U2Fusion 0.8134 4.5056 0.6216 0.6450 52.9268 7.3441 0.5112
(256 × 256) SVT-KSVD 0.8140 4.6716 0.7251 0.5453 58.3607 7.6594 0.5907

TNNR-U2Fusion 0.8122 4.2023 0.4201 0.5254 52.5511 7.3711 0.2075
TNNR-KSVD 0.8130 4.4110 0.4370 0.4603 56.7154 7.6297 0.2231
Li’s 0.8111 3.8738 0.4202 0.5181 59.8385 7.6583 0.2865
Tao’s 0.8113 3.9512 0.3859 0.4534 42.7968 6.6115 0.2286
Proposed 0.8141 4.6830 0.6925 0.6960 60.1732 7.6651 0.5281
i
i

t
a

at 𝛽1 = 1, so we set 𝛽1 = 20. Through the experiment, we found that
the good fusion results can also be obtained for the clean images when
𝛽2 = 0.000001, 𝛽3 = 0.1, and 𝛽4 = 0.000001. Generally, 𝜏 is set to 0 and
0.1 for the clean and damaged image, respectively, as well as 𝛽1, which
is set to 20 and 0.1 for the clean and damaged image, respectively. We
set 𝛽2 = 0.00001, 𝛽3 = 0.1, 𝛽4 = 0.00001 for the clean and damaged
image.

6.6. Complexity analysis

The most complex parts of Algorithm 1 are to solve Eqs. (10),
(15), (16) and (19), while the most complex parts of Algorithm 2
are to solve Eqs. (30)–(34). Specifically, Eqs. (10), (16), (32) and
(34) are 𝑙 -norm minimization problem, which can be solved by the
1

11
TwIST algorithm. The TwIST algorithm costs 𝑂(𝑇1𝑇2), where 𝑇1 and
𝑇2 denote the numbers of dual iterations. Eqs. (19), (30) and (31)
are nuclear norm minimization problem, which can be solved by the
SVT algorithm. The time consuming part of the SVT algorithm is
𝑂(𝑚𝑛min(𝑚, 𝑛)), where 𝑚 and 𝑛 are the number of row and column
of input matrix [41]. Eqs. (15) and (33) are 𝑙2,1-norm minimization
problem, which can be solved by the algorithm proposed in [32]. The
complexity of 𝑙2,1 norm minimization algorithm is 𝑂(𝑇21), where 𝑇21
ndicates the maximum number of iterations. In Algorithm 1, each of
ts iteration will cost 𝑂(𝑊 2𝐾 + 𝑇1𝑇2 + 𝑇21), where 𝑊 and 𝐾 (𝑊 < 𝐾)

are the dimensions of the input matrix 𝐷𝑙 in Eq. (19). Therefore, the
total complexity of Algorithm 1 is 𝑂((𝑊 2𝐾 +𝑇1𝑇2 +𝑇21)), where  is
he number of iterations. In Algorithm 2, 𝑿̃ ∈ R𝑊 ×𝑃 and 𝑿𝑙 ∈ R2𝑊 ×𝑃

re the input matrices of Eqs. (30) and (31), and updating both 𝑿
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Fig. 9. The recovery and fusion results of the damaged images with 20% missing pixels.
(a) to (g): fused results of medical images by the SVT-U2Fusion, SVT-KSVD, TNNR-U2Fusion, TNNR-KSVD, Li’s, Tao’s and the proposed methods
(h) to (n): fused results of infrared–visible images by the SVT-U2Fusion, SVT-KSVD, TNNR-U2Fusion, TNNR-KSVD, Li’s, Tao’s and the proposed methods
(o) to (u): fused results of multi-focus images by the SVT-U2Fusion, SVT-KSVD, TNNR-U2Fusion, TNNR-KSVD, Li’s, Tao’s and the proposed methods.

.

Table 3
Quantitative evaluation of different fusion methods on the damaged images with 20% missing pixels.

Test images Methods 𝑄𝑁𝐶𝐼𝐸 𝑄𝑀𝐼 𝑄𝐶 𝑄𝐶𝐵 𝑄𝑆𝑇𝐷 𝑄𝐸𝑁𝑇 𝑄𝐴𝐵∕𝐹

MR-T1/MR-T2 SVT-U2Fusion 0.8076 3.0889 0.3589 0.3510 40.9322 5.1052 0.3391
(256 × 256) SVT-KSVD 0.8081 3.2400 0.5595 0.5085 47.9515 5.2311 0.4546

TNNR-U2Fusion 0.8069 2.8597 0.3079 0.3410 40.6520 5.4112 0.2234
TNNR-KSVD 0.8073 2.9965 0.4556 0.4547 46.9714 5.7739 0.2471
Li’s 0.8076 3.0464 0.3296 0.3804 71.4005 6.3575 0.2910
Tao’s 0.8076 3.0214 0.3091 0.3335 68.6809 5.9929 0.2462
Proposed 0.8097 3.6766 0.5081 0.5117 69.3626 5.7144 0.5270

Shrub SVT-U2Fusion 0.8079 3.2104 0.6413 0.5867 28.9660 5.7949 0.5120
(256 × 256) SVT-KSVD 0.8098 3.7720 0.6924 0.6535 32.1299 6.4352 0.5963

TNNR-U2Fusion 0.8059 2.4068 0.4485 0.5128 26.9212 5.8380 0.2547
TNNR-KSVD 0.8065 2.6841 0.4676 0.5263 30.1288 6.5246 0.2622
Li’s 0.8059 2.4019 0.5193 0.5477 45.8763 6.7794 0.3516
Tao’s 0.8065 2.6818 0.4350 0.4955 41.9145 6.4452 0.2573
Proposed 0.8102 3.7894 0.7265 0.6437 38.0150 6.7089 0.5961

Girl SVT-U2Fusion 0.8134 4.4249 0.6216 0.6450 52.9268 7.3441 0.4257
(256 × 256) SVT-KSVD 0.8135 4.5409 0.6738 0.5243 57.8551 7.6561 0.4930

TNNR-U2Fusion 0.8120 4.1500 0.4178 0.5189 52.5867 7.3738 0.2036
TNNR-KSVD 0.8127 4.3239 0.4341 0.4581 56.8488 7.6341 0.2191
Li’s 0.8094 3.3719 0.3713 0.4775 56.8527 7.5118 0.2124
Tao’s 0.8102 3.6246 0.3382 0.4194 63.6426 7.5732 0.1647
Proposed 0.8138 4.6098 0.6535 0.6472 59.7336 7.6685 0.4536
c
a
w
e

and 𝑿𝑙 will cost 𝑂(𝑊 2𝑃 ). Thus, the total complexity of Algorithm 2 is
𝑂((𝑊 2𝑃 +𝑇1𝑇2+𝑇21)), where  is the maximum number of iterations.

. Conclusion

In this paper, we proposed a joint implementation method of dam-
ged image fusion and completion based on low-rank and sparse de-
omposition. The proposed method can perform image fusion and
ompletion simultaneously to avoid the spread of artifacts that appears
n the step-by-step operation. In the dictionary learning model, the
12
constraints were imposed to improve the discriminability and accuracy
of the low-rank and sparse dictionaries. Based on the learned dictio-
naries, an image decomposition and completion model was proposed,
which can decompose an image into low-rank and sparse components,
and recover the lost information of the image simultaneously. More-
over, the maximum 𝑙1-norm fusion rule was used to fuse the coding
oefficients of low-rank and sparse components, and the final recovery
nd fusion results were obtained. The proposed method was compared
ith the step-by-step operation of image fusion and completion. The
xperimental results showed that the proposed method outperforms the



M. Xie, J. Wang and Y. Zhang Signal Processing: Image Communication 98 (2021) 116400

t
q

C

n
w
r

D

c
i

A

F
6
d

Fig. 10. The recovery and fusion results of Fig. 3(g) and (h) when the parameters 𝜆𝑖 are set to different values.
(a) to (c): 𝜆1 = 0.000001, 0.001, 0.01 (d) to (f) 𝜆2 = 0.00001, 0.0001, 0.001 (g) to (i) 𝜆3 = 0.1, 1.3, 10 (j) to (l) 𝜆4 = 0.001, 0.01, 0.1.

.

Fig. 11. Influence of the parameters and condition term on the fusion results in Eq. (6).
(a) to (c): recovery and fusion results of Fig. 3(g) and (h) when 𝛽1 = 0.1, 1, 10;
(d) to (f): recovery and fusion results of Fig. 3(g) and (h) when 𝛽3 = 0.1, 1, 10;
(g) to (i): recovery and fusion results of Fig. 3(g) and (h) when 𝜏 = 0.001, 0.1, 1;
(j): recovery and fusion results of Fig. 3(g) and (h) without the condition term 𝑷𝛺(𝑿) = 𝑷𝛺(𝑴);
(k) to (l): fusion results of the clean images in Fig. 3(a) and (b) when 𝛽1 = 1, 20.

.

R
ested state-of-the-art methods in terms of both the visual effect and
uantitative performance evaluation.
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